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T h e  t h r e e - d i m e n s i o n a l  h e a t - c o n d u c t i o n  p r o b l e m  is s o l v e d  fo r  a m u l t i l a y e r  d o m a i n  with  a l o c a l  
s o u r c e  in one of the  l a y e r s .  The  n u m e r i c a l  r e s u l t s  of the so lu t i on  a r e  a n a l y z e d  in a p p l i c a t i o n  
to  the  l a y e r e d  s t r u c t u r e  of a s e m i c o n d u c t o r  i n t e g r a t e d  c i r c u i t .  

In e n g i n e e r i n g  we e n c o u n t e r  s t r u c t u r e s  in the f o r m  of m u l t i l a y e r  c o n f i g u r a t i o n s  wi th  l o c a l  vo lume  s o u r c e s  
of  h e a t  r e l e a s e  in one of  the  l a y e r s .  

T y p i c a l  of such  s t r u c t u r e s  is  a s e m i c o n d u c t o r  i n t e g r a t e d  c i r c u i t  (IC) cons  i s t i ng  of  s u c c e s s  ive l a y e r s  of  
s i l i c o n ,  s i l i c o n  d i o x i d e ,  s i l i c o n  n i t r i d e ,  a l u m i n u m ,  e t c .  O t h e r  l a y e r  c o n f i g u r a t i o n s  a r e  p o s s i b l e  a s  w e l l .  I n a s -  
much  a s  the  p e r f o r m a n c e  c h a r a c t e r i s t i c s  and  p a r a m e t e r s  of  the e l e m e n t s  of such s y s t e m s  of ten  depend  s t r o n g l y  
on  t h e i r  t e m p e r a t u r e ,  i t  b e c o m e s  n e c e s s a r y  to s o l v e  the h e a t - c o n d u c t i o n  p r o b l e m  in th is  k ind  of  m u l t i l a y e r  
d o m a i n .  The  need  to  s o l v e  the  p r o b l e m  is f u r t h e r  s t i p u l a t e d  by the f a c t  t ha t  c u r r e n t l y  e x i s t i n g t h e r m o m e t r i c  
m e t h o d s ,  inc lud ing  i n f r a r e d  (11~) r a d i o m e t r y  and  h e a t  s e n s o r s ,  p r o v i d e  i n f o r m a t i o n  only abou t  the s u r f a c e  t e m -  
p e r a t u r e  a v e r a g e d  o v e r  the a r e a  of g e o m e t r i c  r e s o l u t i o n  of  the c o r r e s p o n d i n g  m e t h o d .  A l s o ,  the d i m e n s i o n s  
of t h e s e  a r e a s  a r e  of ten  g r e a t e r  than the d i m e n s i o n s  of  the h e a t  s o u r c e s ,  so t h a t t h e  t e m p e r a t u r e  va lues  a f f o r d e d  
by  m e a s u r e m e n t s  a r e  d i s t i n c t l y  too low.  

In the  p r e s e n t  p a p e r  w e  s o l v e  the  s t e a d y  h e a t - c o n d u c t i o n  p r o b l e m  f o r  a m u l t i l a y e r  d o m a i n ,  mak ing  i t  
p o s s i b l e  to  e s t i m a t e  the  in f luence  of  the c o v e r i n g  l a y e r s  on the t e m p e r a t u r e  of an  i n t e r n a l  s o u r c e  and i ts  d e v i a -  
t ion  f r o m  the va lue  m e a s u r e d  in an  o u t e r  s u r f a c e  l a y e r .  

The  i n v e s t i g a t e d  doma  in and a d o p t e d  c o o r d i n a t e  s y s t e m  a r e  shown in F i g .  1.  

The  s y s t e m  of e q u a t i o n s  d e s c r i b i n g  the t e m p e r a t u r e  f i e l d  in the  g iven  d o m a i n h a s  the f o r m  
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T A B L E  1. T e m p e r a t u r e  D i s t r i b u t i o n s  (~ o v e r  L a y e r  B o u n d a r i e s  
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Coordinate x, mm, for y = r/ 
0,9 1,2 1,3 1,35 

44,3 48,9 52,6 56,0 
44,3 48,9 52,6 56,0 
44,3 48,9 52,6 56,0 
44,3 48,9 52,7 56,3 
44,3 48,9 52,7 56,3 
44,3 48,9 52,7 56,0 
44,3 48,9 52,6 56,0 
44,3 48,9 52,6 56,0 
44,3 48,9 52,7 56,1 
44,3 48,9 52,7 56,1 
44,3 49 52,7 56,1 
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F i g .  1 .  M u l t i l a y e r  d o m a i n  ( the h e i g h t  of  the  
h a t c h e d  zone  is  h ) .  

O0 o Bi O~ for z 6 o, 
CgZ~, L t 

00~+~ k? 00, 
0 1 + l = 0 i ,  ~,i~ = , ~ for  z = z i ,  

Oz Oz 

f 
z i = - ~ 6 J ,  i = 0 ,  1, 2, . . . ,  k, Zo=O.  

]=1 

W e  s u b j e c t  the  s y s t e m  (1) to  a f i n i t e  i n t e g r a l t r a n s f o r m a t i o n  w i t h k e r n e l  

K,.,~ (x, y) = Ar~B,~ cos XmX COS ~.y, 

w h e r e  .40 = 1 ] / ~ .  Am = V-21L~, Bo = 1 l f [ ~ ,  B,, = 1/2/L2,  k m =  malLi,  Z,~ = nn/Lz, 

T h e  t r a n s f o r m  of  s y s t e m  (1) h a s  t he  f o r m  

d20 . . . .  2 = - -  ~m,r e (h - -  z) v (r), 
)~'nn Ormn 

dz 2 

dOnm~/dz = 0 for 

dOom~_ Bi Oom~ 
dz L i 

O(i@l)m n = Olin n, ~,0-~-1 d0u+l)mn 
dz 

w h e r e  

Z ---~ gh, 

for z = 6 o, 

o dO~mn Ai ' , ,  fol: Z ~----7;, 
dz 

Lt Le 
o . . . .  (z) = S or y, y) dx y, 

0 0 

~mn 4$AmB'~ --  - -  cos kme sin km l i cos L~r I sin k.Iz, 

%~o = 4~AmBol2, cos ~.~e sin ~r~lt, 
)'m 

%,~ 4~A~ cos ~ r l  sinl~l~, 

%0 = 4~AoBolilz, km~ V-"  2 .o 

The  s o l u t i o n  of s y s t e m  (2) a t  z = z r i s  

w h e r e  

0 . . . .  (z~) = ~;'~'~ R (m, n) % (m, n), 

(6o Li h )  
0r~176 = %~ ~- Bi 2 ' 

rn, n = O ,  1, 2 . . . .  , oc. 

(2) 

(3) 
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"~0 ~-  0 ,  

R(m; n ) =  1--ch~,~,~h+G(tn, n)sh~,,..h 
G(m, n) 

(~ + ~.o ~ Vk 

Bi 
~m~ + T 

tz r (m, n) = 6k-r G (m, n) = Lt 
' Bi ' 

!] ch ~,ranSi )~rnnT 
i=0 Ll 

T = th~,flo, Ti = th~.~,/~i, i = 1, 2, 3 . . . . .  k, 
i 

Tk+l-," ~ o 
~o : o~ = 1, 6~ : 6i_ ~ + ~ i=~ ~k+2-] Tk+2-i 6i-~, 

i 

Yi = ~0 T~, Yi = Yi+l + ~,~+t-, ~+1-~ t + ) o Y:--~ 
,k+2-i 

I = 2  

for i-----2, 3, 4, . . . ,  k. 

The inverse  t r ans fo rm of (3) takes the form 

Ll 
0,(x, g, zr)=AoBo%o h 5o+ Bi -~ + ..2 R (m, o,) 

r t t= 1 Lif t  

• a r (m, 0) cos i~r~X + "~'~ AoB.%. R(O, n)a~(O, .) cost.~y 

m= 1 - )~,~n R (m, n) % (m, n) cos ~..y cos ;%g. (4) 

A s an example for numer ical computation, we cons lder a th ree - l aye r  s t ructure  (k = 2) corresponding to a 
semieonduetor  IC of the MOS ( m e t a l - - o x i d e -  semiconductor) t rans i s to r  type, viz., s i l i c o n - s i l i c o n d i o x i d e -  
aluminum (Sl -- SiO 2 -- A1). 

A volume source is situated in the sHieontayer  a t the  S i - -S iO 2 interface.  To est imate the inftuenceof 
the layers  of the s t ructure  onthe source tempera ture  we c a r r y  outa paral le l  investigation of other layer  con- 
figurations,  including single-  and double- layer  s t ruc tu res .  We obtain the est imate for dimensions consistent 
witha rea l  IC. 

The the rmophys ioa lproper t i es  usedbelow for SiO~ and A[ a re t aken  from [1], and those for silicon from 
[21. 

The input data for the numer ica l  computation a re  

Li=L2=3.10-3Iml ,  l, =12 = 2.10-5 [mb h=l .10-Slml ,  e = ~ = L t / 2 ,  

~.~ 80[ W/m.~ ], 5o =3.t0-~[ml, ;~,~ WAn.*K ], 5a = 3.10-6 [m], 

3.~176 ], 52=l.2.10-n[m], P =  l [w],  

where 2~ and 50 are  the thermaleonduet iv i ty  andthickness  ofthe Si layer,  ~ and 61 are  the same for the SiO 2 
layer ,  and A~ and 62 are  the same for the AI layer .  

The resul ts  of the computations for Bt =0.1 ,  executed on a BI~SM-6 digital computer ,  a re  summar ized  
inTable 1. The temperature  increases  are  calculated for coordinates 0 < x _  s and y =7/ at the boundaries of 
one-,  two-,  and t h r ee - l aye r  s t ruc tures  for various layer  configurations.  

It is evident f rom the table that the S i O  2 layer  has s ca rce lyany  detectable influence onthe tempera ture  
of the source in a two- layer  s t ruc ture .  In the th ree - l aye r  s t ructure  S i - -S iO 2 - - A I  the sound tempera ture  is 
somewhat lower (about5%) than in the absence of cove r ing laye r s .  The tempera tures  of the faces of SiO 2 and 
AI inthis s t ruc ture  pract ical ly  eoineide, but they a re  much lower (about 36%) than the source temperature  for 
the ease ofa s ing le - layerS i  s t ruc ture .  Thus,  experimental  measurements  of the source tempera ture  from a 
top layer  of aluminum will yield diminished resu l t s .  

In the s t ruc tures  S i - - A I  and S i - - A I - - S i O  2 the source temperature  sca rce ly  differs f rom the tempera tures  
of the layers  above the source;  i . e . ,  with good geometr ic  resolution of the exper imenta lmethod measurements  
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over  the sur face  above the source  will yield sufficiently p rec i se  information.  The source  t empe ra tu r e  in this 
ease  is ~10% lower than for  the s ing le - l aye r  Si s t ruc tu re .  

The foregoing resu l t s  conf i rm the legi t ima cy of s implif ied,calculat ions neglecting the influence of the 
l ayers  and t rea t ing  the heat-conduct ion problem in the c ry s t a l  of a semiconductor  IC as in a homogeneous Si 
domain.  Exper iments  on the source  t e m p e r a t u r e  f rom the sur face  of an IC having an St--SiO~ - -AI  s t ruc tu re  
yie ld  excess ive ly  low r e su l t s .  

Analogous calculat ions of the t e m p e r a t u r e s  on the faces of the s t ruc tu re  S i - -  SiC 2 - -AI  for  Bi =0.75 �9 10 -3 
show that the ex te rna l  h e a t - t r a n s f e r  ra te  has vir tual ly  no effect  on the re l i e f  of the t e m p e r a t u r e  field.  

N O T A T I O N  

A =a2/DX 2 + 82/Dy 2 +D2/Dz 2, Laplace opera tor ;  0r(X, y, z) =Tr(x ,  y, z) -- Tme;  Tr(x ,  y, z), t e m p e r a t u r e  
in the r - t h  l ayer ;  Tme ,  t e m p e r a t u r e  of medium;  X~, 6i, t he rma l  conductivity and thickness  of i - th  l ayer ;  r = 
P/X0~ P, power  of local source ;  V =2t1• 212• e(x), unit Heaviside function; o~, h e a t - t r a n s f e r  coefficient;  
~, ~, center  coordinates  of source ;  k number  of l aye r s  cover ing the source .  
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S O L U T I O N  O F  T H E  U N S T E A D Y  H E A T - C O N D U C T I O N  

E Q U A T I O N  IN AN I N H O M O G E N E O U S  M E D I U M  

A . A .  P u c h k o v  UDC 517.9:536.21 

The solution of an unsteady two-dimensional  heat-conduct ion p rob lem in an inhomogeneous medium 
is inves t iga tedby using different ial  o p e r a t o r s .  

f f there  a re  no heat  sources  or  sinks within a body, the unsteady two-dimensional  heat-conduct ion p rob-  
lem is desc r ibed  by the equation 

OT ( 02T O2T ) O~ OT O~ OT 
c,r - ~  = z + + +- , 

Ox z Oy z Ox Ox Oy Oy 

where the t h e r m a l  conductivity X=X(x, y), the density ~/= ~,(x, y), andthe specif ic  heat  e =c(x, y ) a r e  given 
functions of the coordinates  x and y.  

We seek  the solution of Eq. (1) which sa t i s f ies  appropr ia t e  boundary conditions [1] and has the fo rm 

(i) 

t ions  

T = "r (t) T (x, y). (2) 

Substituting (2) into (1) and introducingthe separa t ion  of var iab les  p a r a m e t e r  --v 2, we obtainthe two equa-  

fl_L = _ vz~; (3) 
dt 

1 c7v2 T = 0 ,  (4) 
AT + ~ grad T grad ~, + 

where  & is the two-dimens ional  Laplacian.  

Hence it follows that the solution of Eq. (1) canbe  wri t ten in the fo rm 
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